MODEL OF THE CLOGGING OF CHANNELS WHEN
POLYMERIZING LIQUIDS FLOW THROUGH THEM
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An analytical investigation is conducted into the flow of a viscous polymerizing liquid.
The theoretical basis is given for the possibility of completely clogging sections of the
channel after some time under conditions of constant flow of the reaction medium. The ef-~
fect of transverse diffusion on the clogging process is considered. It is shown that, in
spite of the small value of the molecular diffusion coefficient, transverse diffusion can
markedly change the nature of the clogging process. The effect of transverse diffusion ex-
plains the cessation of the clogging under certain relationships of the diameter, the length,
the flow rate, and the polymerization rate. A mathematical model of the process is pre-
sented, and relationships are obtained for evaluating the length of the input section and
the formation rate of an stagnant layer at the walls.

The clogging of tubes when polymerizing liquids flow through them is encountered in
many industrial processes: in tubular high-pressure polyethylene polymerizing machines,
the circulating loops of polymerizing machines, and heat-transfer tubes and piping for mak-
ing polystyrene plastics. If this effect is not considered, evaluations the effect of basic
kinetic and hydrodynamic characteristics on the clogging rate and the design of similar pro-
cesses are made difficult; thus the interest in this problem [1, 2]. From a qualitative
viewpoint, explaining the clogging effect is not complicated. The degree of conversion of
the monomer depends on the residence time in the flow, which tends to infinity as the flow
approaches the wall. In turn, the viscosity depends strongly on the conversion; conse-
quently a layer of enhanced viscosity (in the infinite limit) forms at the wall and grad-
ually propagates to the center of the flow.

A relationship for the growth rate of this layer for a constant pressure head and for
a constant material flow has been found [1l, 2] in the approximation when the stagnant layer
of reaction products is thin compared to the width of the channel. It is shown that for a
constant pressure head the channel clogs up after a finite time, but for constant flow the
radius drops off as 1/t, which does not agree with experiment, however. Thus, in making
polystyrene plastics, total clogging of certain circulating and transport piping is observed
in a finite time, when the liquid is fed by gear-type pumps, which create a mass flow that
depends weakly on the pipe resistance.

The viscosity of the polymerizing liquid depends not only on the polymer concentration
(conversion) and the temperature (the temperature dependence is substantial, because the
polymerization reaction is exothermic), but also on the molecular-weight distribution.
Therefore a total description of the pressure flow of such a liquid should include not only
the dynamic equation for a non-Newtonian fluid with variable properties and a corresponding
heat transfer equation, but also a detailed kinetic model for calculating the molecular
characteristics of the forming polymer. Therefore the solution of this problem in its full
formulation is extremely complex. However, a feature of most polymerization processes is
the strong dependence of the viscosity of the reaction medium on time, because 1) the vis-
cosity increases strongly with increasing conversion and 2) the reaction rate, as a rule,
increases sharply with increasing viscosity (the jellium effect) [3]. For sufficiently slow
reactions, where the flow can be considered isothermal, this greatly simplifies the analysis
and makes it possible to obtain relationships for evaluating the growth of the stagnant
polymer layer and the clogging time of the channel.

We assume [2] that the state of an element of the medium is determined by its residence
time in the reaction volume, such that for v £ T it is a liquid and for © > T it is a solid
(T is the characteristic time for the polymerization reaction). In this formulation, the
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residence time v and the shape of the boundary of the stagnant layer are found from the
equation
Cdv/dt =1 = /ot + Yyt (1)

(V is the vector flow velocity and t is the time) with the boundary conditions v = 0 at the
inlet to the reaction volume and t = T at the boundary of the clogging stagnant layer.

We will solve this problem with the following assumptions: 1) the clogging rate is
small and is determined by the velocity field only directly next to the solid boundary,
which makes it possible to consider the velocity profile to be linear; 2) the thickness of
the stagnant layer is much less than the characteristic dimension of the flow surface.

Initially we will examine the special case of a constant shear rate ¥ = const, which
corresponds to longitudinal flow over a flat plate or flow in a channel of constant width
(radius) at the initial stage of the process, while H « R (H is the thickness of the clog-
ging layer and R is the channel radius). In this case, the system (1) takes the form

ot/0t ++ udv/ox + vor/dy = 1; (2)
Te=0 = 0, Tly=tie,y = 7, (3)
where x is the distance from the beginning of the solid boundary; Y is the distance from

the solid boundary along the normal, and u and v are the velocity components along and
normal to the solid boundary.

From the linear approximation of the velocity profile, it follows that

u=1yly — H 1), (4)
and from the continuity equation W = 0
v = y(y — H(z, £)0H/ox. (5)

The solution to Eq. (2) in the region with a moving boundary is difficult; therefore
we make a change of variables

—t—T, Y =y—Hz 1), X =2 (6)
We substitute Egs. (4)-(6) into (2) and (3) and obtain
91/00 + yYau/0X — got/dY =1, Tymy = T, Txep = 0 (7)

where :¢(X, @) = 8H(X, ©)/30 is the growth rate of the stagnant layer of reaction products.
Equation (7) for the unknowns T and ¢ is an equation in the stagnant region with constant
coefficients and stationary boundary conditions. It is natural to assume that its solution
approximately approaches the solution of the stationary problem

PY /60X — ©ot/3Y = 1; (8)
Tx=o = 0, Ty= = 7. (9)

We show that this formulation is correct and makes it possible to find both (X, Y) and
$(X). We introduce the variable s(X, Y), which satisfies the conditions

0Y/9s = o(X), 0X/6s = —yY; (10)
Sly—g =0 or Ylemy =10. (11)
From (10), Eq. (8) takes the form dt/ds = ~1 or
T="Tmg— 8§ =Tlymg —5=T — 5. (12)
Tt follows from (9) and (12) that t|g=e — 0 = T — s, that is,

Sl = T. (13)

It is obvious that Egqs. (10) and (11), which are supplemented by the condition
" X|smo =P (14)

(p is an arbitrary positive number) for a given ¢(X) > 0, has a unique solution in the in-
terval X = (0, p). The problem consists of finding the function ¢(X) which fulfills the
condition [13] for any p.

After dividing the first equation of the system (10) by the second, we obtain dY/dX =

925



D
—(X)/(YY). From this expression and (11) and (14) we obtain yY”ﬂ2==J(pQ0dz or
X

5 4
Y= - dz.
]/v i(p(z) ’ (15)

4

Substituting (15) into (10) yields dXVds==——¥_l//—jL5lp&)dL from which

Y x
Yl
(Y =2 «p(z)dz)
p e
Y aX f : (16)
—_— = ds;
v ./, E e
y "// ;?Ljv(p(z) dz (Y=o
T x

where p is a positive number.

From physical considerations, it is clear that ¢ - 0 for z » 0. This makes it possible
to seek a solution to the integral equation (16) in the form

o(z) = az® + O(z%) (17)

where O(X) is infinitely small compared to the magnitude of X. Substituting (17) into (16)
and introducing the notation x = X/p and n = z/p, we find
1

j‘ pdy, = T. (18)
1 b+1
0 ]/Zmépb'ﬂ andfr} (1+0(PT))
X

The left side of Eq. (18) is independent of T only for b = 1, O(p®+1/2), In this case
1

dx . n . ‘c
ke = =T =T, a=nY4T), ¢ (X) = X (4T).
o Vav(i +h 2 Vav‘ w

Thus, the boundary separating the solution and the stagnant layer of reaction products
rotates around the beginning of the plate with an angular velocity

Q = a¥(4y7). (19)

We now examine the variable shear rate Q = §(X, ©). Here integration of the continuity
equation for v gives

. H 1 oy -~ 3H Y oy
v=YU— Mg — 5 y—H =Y 5 — 7 5% (20)
instead of [5]. By substituting (20) into (1) we obtain
VYat/0X — @on/dY = 1 — Y?oy0t/(20X0Y). (21)

We now show that the solution to Eq. (8) for ¢(x) is a lower estimate for the solution
to Eq. [22]. Actually, now, at each point of the flow and at each moment in time, let the
"aging" rate of the medium increase by a factor of 1 + ¥(X, Y, @) (¥ 2 0), that is, dt/do =
1+ %X, Y, 0). This effect leads to the appearance of an additional term in Eq. (8):

vYo1/6X — gov/oY =1 + . (22)

At the same time, acceleration of the "aging" of the medium can lead only to an increased
clogging rate. If we compare (21) with (22), we see that the term —Y23y3t/(28X3Y)(3y/3X > 0
and 3t/3Y < 0) now plays the role of ¥.

For Y + », this quantity is of the order AY/(2Y). Simple evaluations also show that it
decreases with decreasing Y and tends to zero near the stagnant layer of reaction products.
That is, the solution to (21) can be estimated with sufficient accuracy by the solution to
Eq. (8) (with a consideration of the dependence of y on X).

If we substitute d¥X'= dX/y(X), Eq. (22) is reduced to the form Yat/dX — ¢at/dY = 1,
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and the solution ¢ = 72X/(4T?), and consequently the local angular velocity of an element
of the surface H(x, t), is first of all determined by the relationship

QX) = do/dX = dp/(y(X)dX) = n®/(4y(X)T?).

If we express y(x) in terms of the volume flow rate of the medium Q and the running
radius of the tube r, we write the equation for the clogging of the tube:

Pr/(0X01) = —Q = —a35/(16072). (23)

If we go to the dimensionless variables p = r/R, & = X/R, t = 73R%t/(16QT2) (R is the
radius of the tube), we obtain

/018t = — 0%, o voo=1 oly_,=1. (24)

Because a change of scale in the quantities X and T, while conserving the derivative
of these scales, does not change the form of Eq. (24), the solution to Eq. (24) is the func-
tion of a single variable n = &t. When n is introduced into Eq. (24), it takes the form

nd*p/dn? + do/dn = d(ndp/dn)/dq = —p®; (25)
Oln=0 = 0. : (26)

The second initial condition is obtained from the requirement that the solution p(n)
to (25) be smooth and finite:

dp/dnjn—y = —1, (27)

The function p(n), which is found from the numerical solution of Eq. (25) with the ini-
tial conditions (26) and (27), is shown in Fig. 1.

If we return to dimensional variables, we have the dependence of the tube radius as a
function of time and coordinates: r = w3R%pxt/(16QT?), and also an expression for the pres-
sure drop Ap in a tube of length £ = n/t:

-
ApiApy = - { daip @) (28)
0

which is shown in Fig. 1.

As opposed to [2], a feature of the resultant solution is that the function p(n) does
not tend asymptotically to zero as n » ~, but becomes zero at 1 ~ 3. The function in [2]
is the result of assuming that the thickness of the stagnant layer of reaction products is
small compared to the tube diameter. We only assumed that the partial derivative 8H/dx is
small.

Once we take the dimensionless clogging time as n = 3 and return to a dimensional form,
we obtain the expression for the clogging time:

t* = 48QT2/(n3R2). (29)

The resultant expression correctly reflects the basic features of the process of clog-
ging the channels. We note that Egs. (19), (20), and (23), which relate the clogging rate
with characteristic dimensions and the shear rate at the wall, can be applied without re-
quiring a detailed description of the pressure flow throughout the whole reaction volume.
Therefore they can be used to analyze more complex situations than in a channel, for exam-
ple in analyzing the process of clogging the walls of a polymerizing machine which has a
mixer. In this case, the characteristic shear rate can be determined from the relationship

[4]
'y = M/unDh = Ky(Re)on?d®/2n2uDh,

where ¢ and p the density and viscosity of the medium; D and h are the diameter and height
of the apparatus; d is the diameter of the mixer; n is the rotation rate of the mixer; Re =

nd?c/u is the Reynolds number; Ky is the power coefficient of the mixer; and M is the torque
on the shaft of the mixer.

Either the characteristic dimension of the large-scale pulsations [5] or (for very slow
flows) the length of the corresponding vortex streamline I ~ hU/W ~ mhdD2n/16Q plays the
role of the section length X (Q is the circulation capacity of the mixer, and U and W are
the average circular and axial velocities in the apparatus).
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Analysis of (29) shows that proportionality of the clogging time t* to Q, T? and 271
is natural. However, the proportionality of t* to the quantity R™? is unexpected at first
glance. The clogging time is less for a tube of larger radius than a smaller one. This
would be impossible if the tube clogged uniformly along its length. However, the clogging
rate of the channel in each section is governed by the flow history of the liquid in the
preceding sections of larger radius. This result agrees qualitatively with the practical
operation of piping in many polymer factories, where decreasing the piping diameter leads
to a significant reduction of the [polymerization] rate, and — in a series of cases — to a
total elimination of clogging of the piping surface.

Usually the effect of diffusion is neglected in analyzing laminar flow of the reacting
media. As a rule, this approximation is correct because of molecular diffusion coefficients
in liquids are small and, consequently, so is diffusion flow compared to convective flow.
However, diffusion effects become substantial for the flow of a polymerizing liquid near
the solid wall at the input section of the channel. The operational experience of a number
of polymer factories shows that in some cases clogging does not continue indefinitely if the
piping sections are not too long. We will show that this effect can be explained by trans-
verse diffusion.

We augment Eq. (1) by a term which considers diffusion in the y direction:
yyovloz — ¢dt/dy — Do*loy® = 1, (30)
where D is the molecular diffusion coefficient.

From physical considerations it is clear that the growth rate ¢ of an attached layer
is zero sufficiently close to the input section (x = 0) (the diffusion thickness of the
boundary layer tends to zero for x » 0). In this section, Eq. (30) has the form

w}yat/ﬁx — Do*t/oy? =1, (31)

and the natural boundary conditions for this equation are
- A2 B 32
Theo =0, Thow—>0, z-|  =0. (32)

We take Egs. (31) and (32) to infinity, introduce the variables © = 1/T,, Y = y/L, X = x/L,
where T, = -1, L = /DT, and obtain:
920/0Y? — Y00/9X = —1, 8|5 = 0, (33)
Olyam — 0, 00/6Y |5y = O.

After we take the Laplace transform of (33) with respect to X, it is easy to find the
solution to the resultant ordinary differential equation. Then we take the asymptotic ex-
pansion of the resultant solution at the point Y = 0, take the inverse Laplace transform,

and have
R e e

We return to dimensional variables for the residence time at the solid surface and ob-
tain (z) = (1,4/y)(D/y)-/322/3. Obviously, the coordinate x* of the point at which the clogging
of the solid surface starts is determined by the condition 1 = T:
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TF = 0,58yDMRTYE = (0,34D TV, (34)

We estimate the length of the unclogged section x%*. We set y = 10 sec™®, D = 1071°
m?/sec, and T = 10%-10* (e.g., the reaction time characteristic for conditions for producing
polystyrene plastic). Then according to (34), x* = 2-60 m. Thus, the effect of transverse
diffusion, in spite of the small value of D, can guarantee a significant input section of
tubes and channels whose walls are not clogged by polymer.

We now examine the effect of transverse diffusion on the clogging rate of walls for
x > x%, Near the wall, there exists a layer of ideal mixing, whose length is %% = (0.34-
DT)1/2, Outside the layer, transverse diffusion is not considered. Within the bounds of
this two-layer model, the flow in the flow core can be described by Eq. (1) with the bound-
ary conditions

Tlemo =0, Tlymps=T. (35)
We introduce the variable s(x, y) such that
dy/ds = (), dx/ds = ~:yy; (36)
Syste = 0- (37)
Then (1) is transformed into the form dt/ds = —1, which from (35) gives
gm0 = 7. (38)

Equations (36) and (37), augmented by the condition x|g=, = p for a given ¢(x) > 0,
have a unique solution. Thus, it remains to find a ¢(x), which fulfills condition (37) for
any p. From (36) we obtain dy/dx = —¢(x)/(yy), from which

o 1/2
y=[—?—jq>(z)dz+z*2] . (39)
Y%

Substituting (39) into (36) and considering the boundary conditions (37) and (38)
yields
p
\S' dx
»
]

1/2
. =T,
v [ifq)(z) dz+1*2] (40)
¥

x

Because the growth rate of the stagnant layer of reaction products ¢(z) is zero for
z < x%, Eq. (40) is transformed to:

x%

dz
T=j. ' D 172 +j‘ iz
0 'y[_%_j‘(p(z)dz—}—l*z] [_y (2) dz -+ 1%2
T oxe : Y 5+

D

z* d
= T, D /2 "Lj , v J:x 2"
7= q»(z)dz+z*2J ”"’x?[—.—( ¢ (2) dz — cp(z)dz)+z*2
{-V f v j X

x¥ x* x%

We make a change of variables p = p — x%, 2 = z — x¥, and X = x — x*. Then

D
I*y [x(t>+i va lﬂx(p)~x (@) + 112
where
9 e
() = —2—{ o (3. (42)
l* Y .
0

We introduce new variables: p = p/x¥*, x = X/x*, and X(p) = x(px*). Then Eq. (40) takes
the form
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1 dz
1= g+ —_— (43)
Viei+t ) Vie—a6 4
After we differentiate (43), we obtain an integral—differential equation
~y ey 1
v (p) = , (44)

1 +_f dx
2@+ 203 =1 @)+ 1

which can be solved numerically by a simple algorithm. In appearance, Eq. (44) resembles
the Cauchy problem; however, its right side contains a definite interval of the dependent
function, whose upper limit is the independent variable. Therefore, this integral must be
calculated anew at each step of the numerical integration. However, sufficient accuracy
can be attained in the numerical solution with a moderate volume of computations if we use
the quadratic Newton—Cotes formula of high order (seventh and above) for calculating the
definite integral and the Runge~Kutta method for solving the Cauchy problem.

Once the function x(p) is found, it is easy to use (42) to find the growth rate of the
stagnant layer ¢(p) considering diffusion:

~ _Yl*2 @N, ~ P~ o~
cp(p)——rd;x (p) = z7 % (P)-

We remember that the growth rate ¢, of the stagnant layer is determined by the rela-
tionship ¢, = n2x/(4YT?) = (12/4)(R*/T)(1 + D), from which & _ 2 ()
Po n d4p
From the dependence of ¢/¢, on the dimensionless longitudinal coordinate shown in Fig.
2, it follows that transverse diffusion has a marked effect of the clogging rate in a sec-
tion of length 5x%-10x*, where x* is determined from (34).
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